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Abstract
We study Uqsl
(τ)(M |M), where τ is 1, 2 or 4. Let π` : sl(τ)(M |M) →
A(τ)(M−1,M−1) be the canonical projection. Let e˘ be the 2M×2M unit
matrix. Then ker π` = C[ts, t−s]⊗ e˘(= ⊕∞k=−∞Ctks⊗ e˘), where s = 1 (resp.
= 2) if τ is 1 or 2 (resp. is 4). In this paper, we give an explicit formula
of the element Z♮ (see (3.5) and (3.6)) of Uqsl(τ)(M |M) corresponding to
ts ⊗ e˘, and do the same for its multi-parameter versions.
1 Introduction
Let m, n ∈ N. Let ℑm|n := {k ∈ Z|1 ≤ k ≤ m+ n}, ℑ′m|n := {k ∈ Z|1 ≤ k ≤ m}
and ℑ′′m|n := {k ∈ Z|m + 1 ≤ k ≤ m + n}. Denote by Mm+n(C) the associative
C-algebra formed by all the (m+ n)× (m+ n)-matrices over C. For i, j ∈ ℑm|n,
let eij ∈ Mm+n(C) denote the (i, j)-matrix unit, so {eij |i, j ∈ ℑm|n} is the C-basis
of Mm+n(C) with eijekl = δjkeil, where δjk denotes the Kronecker’s delta. The
Lie superalgebra gl(m|n) is such that it is an (m+n)2-dimensional C-linear space
identified with Mm+n(C), its even (resp. odd) part gl(m|n)(0) (resp. gl(m|n)(1))
is its m2 + n2-dimensional (resp. 2mn-dimensional) subspace with the C-basis
{eij |(i, j) ∈ (ℑ′m|n)2∪(ℑ′′m|n)2} (resp. {eij|(i, j) ∈ (ℑ′m|n×ℑ′′m|n)∪(ℑ′′m|n×ℑ′m|n)}),
and its super-bracket is defined by [X, Y ] := XY − (−1)stY X (X ∈ gl(m|n)(s),
Y ∈ gl(m|n)(t)). The Lie superalgebra sl(m|n) is the sub-Lie superalgebra of
gl(m|n) with the C-basis {eij |i, j ∈ ℑm|n, i 6= j}∪ {eii− (−1)δimei+1i+1|i ∈ ℑm|n \
{m+ n}}.
Let Im|n :=
∑m
i=1 eii +
m
n
∑m+n
j=m+1 ejj ∈ sl(m|n).
Here assume m = n. Since In|n is the unit matrix, CIn|n is an one dimensional
ideal of sl(n|n). Let sl(1)(n|n) := sl(n|n)⊗C[t, t−1]⊕Cc⊕Ct d
dt
be the affine-type
Lie superalgebra of sl(n|n). Let Z(1)k := In|n ⊗ tk ∈ sl(1)(n|n) (k ∈ Z). Then
⊕∞k=−∞CZ(1)k is an ideal of sl(1)(n|n). We have:
(1.1)
(i) [X ⊗ tr, Z(1)k ] = 0 (X ∈ sl(n|n), r ∈ Z), [c, Z(1)k ] = 0, [t ddt , Z(1)k ] = kZ(1)k
for k ∈ Z.
(ii) [Z
(1)
k , Z
(1)
s ] = 0 for k, s ∈ Z.
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We inspire that the equations of (1.1) would become applied to discover im-
portant unknown theories of physics or mathematics.
Let Z
(2)
k := Z
(1)
2k−1 and Z
(4)
k := Z
(1)
4k−2 for k ∈ Z. If n ≥ 2 (resp. n ≥ 3), we
have the twisted affine-type Lie superalgebra sl(2)(n|n) (resp, sl(4)(n|n)), which
can be realized as a sub-Lie superalgebra of sl(1)(n|n). Then ⊕∞k=−∞CZ(τ)k is an
ideal of sl(τ)(n|n) for τ ∈ {1, 2, 4}.
In this paper, we explicitly give an element (3.5) of Uq(sl
(τ)(n|n)) (τ ∈ {1, 2, 4})
or their multi-parameter version corresponding to Z
(τ)
1 (i.e., only for k = 1), and
we show that it satisfies equations (3.6) similar to those of (i) of (1.1).
As for the elements of Uq(sl
(τ)(n|n)) (τ ∈ {1, 2, 4}) corresponding to Z(1)k for
all k ∈ Z, they have already been given by [5] for τ = 1, and their existence for
τ ∈ {1, 2, 4} has been shown by [3].
2 Lie superalgebras
2.1 The affine Lie superalgebras A(1)(m, n), A(2)(m, n),
A(4)(m, n)
For x, y ∈ R, let Jx,y := {n ∈ Z|x ≤ n ≤ y} and Jx,∞ := {n ∈ Z|x ≤ n}.
Let K be a field of characteristic 0. Assume that there exists an element
√−1
of K such that
√−12 = −1. Let a be a K-linear space. Suppose that a is a direct
sum of its subspaces a(0) and a(1), so a = a(0) ⊕ a(1). Let a(2n) := a(0) and
a(2n + 1) := a(1) for n ∈ Z. Let [ , ] : a × a → a be a K-bilinear map. We call
a = (a, [ , ]) a Lie superalgebra if
[X, Y ] ∈ a(a+ b) (X ∈ a(a), Y ∈ a(b)),
[X, Y ] = −(−1)ab[Y,X ] (X ∈ a(a), Y ∈ a(b)),
[X, [Y, Z]] = [[X, Y ], Z] + (−1)ab[Y, [X,Z]] (X ∈ a(a), Y ∈ a(b), Z ∈ a).
For a Lie superalgebra a, let U(a) denote the universal enveloping superalgebra
of a.
Let n ∈ N. Let p´ : J1,n → J0,1 be a map. Let na := |p´−1(a)|, so n = n0 + n1.
Assume n0 ≥ 1 and n1 ≥ 1. Let glp´ be an n2-dimensional K-linear space with a
basis {eij|i, j ∈ J1,n}. We regard glp´ as the Lie superalgera by
glp´(0) = ⊕p´(i)+p´(j)∈2ZKeij ,
glp´(1) = ⊕p´(i)+p´(j)∈2Z+1Keij ,
[eij , ekl] = δjkeil − (−1)(p´(i)+p´(j))(p´(k)+p´(l))δilekj.
Note that [X, Y ] = XY − (−1)abY X holds for X ∈ glp´(a) and Y ∈ glp´(b),
where XY and Y X means the matrix-multiplication. Define the K-linear map
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strp´ : glp´ → K by strp´(eij) := δij(−1)p´(i). Then strp´ is a Lie superalgebra homo-
morphism. Let slp´ := ker strp´. Then slp´ is a sub-Lie superalgebra of glp´. Note
that glp´ and slp´ are isomorphic to glp´′ and slp´′ for a map p´
′ : J1,n → J0,1 with
n0 = |(p´′)−1(0)|. Let
d´i := (−1)p´(i) (i ∈ J1,n),
and
(2.1)
h´i := d´iei,i − d´i+1ei+1,i+1, e´i := d´iei,i+1, f´i := d´iei+1,i
(i ∈ J1,n−1).
We have
(2.2)
[h´i, h´j ] = 0, [h´i, e´j ] = strp´(h´ih´j)e´j , [h´i, f´j] = −strp´(h´ih´j)f´j ,
[e´i, f´j] = δij h´i,
[e´i, e´j] = [f´i, f´j] = 0 (strp´(h´ih´j) = 0),
[e´i, [e´i, e´j]] = [f´i, [f´i, f´j]] = 0 (strp´(h´
2
i ) 6= 0, i 6= j, strp´(h´ih´j) 6= 0),
[e´j , [[e´i, e´j ], e´k]] = [f´j, [[f´i, f´j], f´k]] = 0 (strp´(h´
2
j ) = 0, i 6= j 6= k 6= i,
strp´(h´ih´j) 6= 0, strp´(h´ih´k) 6= 0, strp´(h´j h´k) = 0).
The elements of (2.1) generate slp´ as a Lie superalgebra. It is well-known (see
[4]) that
as a Lie superalgebra, slp´ is presented by the generators (2.1)
and the relations (2.2).
The Lie superalgebras glp´ and slp´ are denoted by gl(n0|n1) and sl(n0|n1) respec-
tively. If n0 6= n1, sl(n0|n1) is also denoted by A(n0−1, n1−1). Let I :=
∑n
i=1 eii,
so I is the unit matrix. Note that I ∈ slp´ if and only if n0 = n1, and, if this is the
case, we have the Lie supleralgebra slp´/KI, which is denoted by A(n0−1, n1−1).
To emphasis p´, we also denote A(n0 − 1, n1 − 1) by Ap´, that is, we mean Ap´ to
be slp´ (resp. slp´/KI) if n0 6= n1 (resp. n0 = n1). Define the Lie superalgebra
isomorphism (resp. eimomorphism) π˘ : slp´ → Ap´ by π˘(X) := X (resp. X +KI)
for X ∈ slp´ if n0 6= n1 (resp. n0 = n1).
Note that strp´(Y X) = (−1)abstrp´(XY ) holds for X ∈ glp´(a) and Y ∈ glp´(b).
Then we see that
strp´([X, Y ]Z) = strp´(X [Y, Z]) (X, Y, Z ∈ glp´).
We define the Lie superalgera gl
(1)
p´ by
gl
(1)
p´ = glp´ ⊗K[t, t−1]⊕Kc⊕Kt ddt ,
[X ⊗ tx, Y ⊗ ty] := [X, Y ]⊗ tx+y +mδx+y,0strp´(XY )c,
[c,X ⊗ tx] = [c, t d
dt
] = 0, [t d
dt
, X ⊗ tx] = xX ⊗ tx,
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where X, Y ∈ glp´ and x, y ∈ Z. Define the Lie superalgebras
sl
(1)
p´ := slp´ ⊗K[t, t−1]⊕Kc⊕Kt ddt ,
A
(1)
p´ := Ap´ ⊗K[t, t−1]⊕Kc⊕Kt ddt
such that sl
(1)
p´ is a sub-Lie superalgebra of gl
(1)
p´ and we have the Lie superalgebra
homomorphism π˘(1) : sl
(1)
p´ → A(1)p´ define by π˘(1)(X⊗ tx) := π˘(X)⊗ tx, π˘(1)(c) = c
and π˘(1)(t d
dt
) = t d
dt
. We also denote gl
(1)
p´ , sl
(1)
p´ , A
(1)
p´ by gl
(1)(n1|n2), sl(1)(n1|n2),
A(1)(n1 − 1, n2 − 1) respectively.
For x ∈ N, define the map γx : J1,x → J1,x by γx(i) := x+ 1− i.
Let n ∈ N. Let p´ : J1,n → J0,1 be a map. Assume that p´(γn(i)) = p´(i)
for all i ∈ J1,n. Define a map gp´ : J1,n → {1,−1} by gp´(i)gp´(γn(i)) = (−1)p´(i)
(i ∈ J1,n) and gp´(j) = 1 (j ∈ J1,n+1
2
). Then we can define the Lie superalgebra
automorphism ϕp´ : glp´ → glp´ by
ϕp´(eij) := −(−1)p´(j)(p´(i)+p´(j))gp´(i)gp´(j)eγn(j)γn(i) (i, j ∈ J1,n).
We have
ϕ2p´ = idglp´ , ϕp´(slp´) = slp´, ϕp´(I) = −I.
Then we have a sub-Lie superalgebra gl
(2)
p´ of gl
(1)
p´ defined by
gl
(2)
p´ := (
∞⊕
x=−∞
ker((−1)xidglp´ − ϕp´)⊗ tx)⊕Kc⊕Kt
d
dt
.
Let sl
(2)
p´ := sl
(1)
p´ ∩ gl(2)p´ and A(2)p´ := π˘(1)(sl(2)p´ ). We also denote gl(2)p´ , sl(2)p´ , A(2)p´ by
gl(2)(n1|n2), sl(2)(n1|n2), A(2)(n1 − 1, n2 − 1) respectively.
Let n ∈ N. Assume n ∈ 2N and n ≥ 4. Let p´ : J1,n → J0,1 be a map. Let
m := n−2
2
. Define θ : J0,n−1 → J1,n by θ(i) := i+ 1. Let p´ : J1,n → J0,1 be a map.
Assume that p´(0) = 1, p´(θ(m + 1)) = 0 and p´(θ(i)) = θ(γn−1(i)) for i ∈ J1,m+1.
Define the map g′,p´ : J1,n−1 by g
′,p´(i)g′,p´(γn−1(i)) = (−1)p´(θ(i)) (i ∈ J1,n−1) and
g(j) = 1 (j ∈ J1,m+1). Then we can define the Lie superalgebra automorphism
ψp´ : glp´ → glp´ by
ψp´(eθ(i)θ(j))
=


−eθ(0)θ(0) if θ(i) = θ(j) = θ(0),
−√−1g′,p´(γn−1(i))eθ(0)θ(γn−1(i)) if θ(i) 6= θ(0) and θ(j) = θ(0),
−√−1g′,p´(j)eθ(γn−1(j))θ(0) if θ(i) = θ(0) and θ(j) 6= θ(0),
−(−1)p´(θ(j))(p´(θ(i))+p´(θ(j))))g′,p´(i)g′,p´(j)eθ(γn−1(j))θ(γn−1(i))
if θ(i) 6= θ(0) and θ(j) 6= θ(0).
We have
ψ2p´ 6= idglp´, ψ4p´ = idglp´, ψp´(slp´) = slp´, ψp´(I) = −I.
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Then we have a sub-Lie superalgebra gl
(4)
p´ of gl
(1)
p´ defined by
gl
(4)
p´ := (
∞⊕
x=−∞
ker((
√−1)xidglp´ − ψp´)⊗ tx)⊕Kc⊕Kt
d
dt
.
Let sl
(4)
p´ := sl
(1)
p´ ∩ gl(4)p´ and A(4)p´ := π˘(1)(sl(4)p´ ). We also denote gl(4)p´ , sl(4)p´ , A(4)p´ by
gl(4)(n1|n2), sl(4)(n1|n2), A(4)(n1 − 1, n2 − 1) respectively.
2.2 The Lie superagerbas sl(τ)(M |M) with τ ∈ {1, 2, 4},
where M := N2 (resp. N , resp. N + 1) if τ = 1 (resp. 2,
resp. 4).
We use the notation as follows. As defined below, we will let the meaning of the
symbol n be different than that used above.
From now on until end of this paper,
let τ ∈ {1, 2, 4}(= J1,4 \ {2}), n ∈ N, N := 2n,
assume n ≥ 2 (resp. n ≥ 1) if τ ∈ {1, 2} (resp. τ = 4),
let Nˆ := N − 1 (resp. N) if τ = 1 (resp. τ ∈ {2, 4}), let I := J0,Nˆ ,
let N ′ := N (resp. 2N , resp. 2N + 2) if τ = 1 (resp. 2, resp. 4),
and let M := N
2
(resp. N , resp. N + 1) if τ = 1 (resp. 2, resp. 4).
Define the map p¯ : J1,N ′ → J0,1 by p¯(i) := 0 (i ∈ J1,n (resp. J1,n ∪ J3n+1,4n, resp.
Jn+2,3n+2)) and p¯(j) := 1 (j ∈ Jn+1,N (resp. Jn+1,3n, resp. J1,n+1 ∪ J3n+3,4n+2)).
Then we have sl
(τ)
p¯ = sl
(τ)(M |M). Let d¯i := (−1)p¯(i) for i ∈ J1,N . Define the
3(Nˆ + 1) elements h¯i, e¯i, f¯i (i ∈ I) of sl(τ)p¯ as follows.
If τ = 1, let h¯0 := −d¯1e11 + d¯NeNN + c, e¯0 := d¯NeN1 ⊗ t, f¯0 := e1N ⊗ t−1 and
h¯i := d¯ieii − d¯i+1ei+1i+1, e¯i := d¯ieii+1, f¯i := ei+1i (i ∈ J1,Nˆ).
If τ = 2, let h¯0 := −2d¯1(e11 − eγN′ (1)γN′ (1)) + 2c, e¯0 := 2d¯1eγN′ (1)1 ⊗ t, f¯0 :=
e1γN′ (1) ⊗ t−1, h¯i := d¯ieii − d¯i+1ei+1i+1 + d¯i+1eγN′ (i+1)γN′ (i+1) − d¯ieγN′ (i)γN′ (i), e¯i :=
d¯i(eii+1 − (−1)p¯(i)p¯(i+1)+p¯(i+1)gp¯(i)gp¯(i+ 1)eγN′ (i+1)γN′ (i)),
f¯i := ei+1i − (−1)p¯(i+1)p¯(i)+p¯(i)gp¯(i+ 1)gp¯(i)eγN′ (i)γN′ (i+1) (i ∈ J1,Nˆ−1), and
h¯Nˆ := 2d¯N(eNN − eγN′ (N)γN′ (N)), e¯Nˆ := 2d¯NeNγN′ (N), and f¯Nˆ := eγN′ (N)N .
If τ = 4, let h¯0 := −d¯θ(1)(eθ(1)θ(1)−eθ(γN′−1(1))θ(γN′−1(1)))+2c, e¯0 := −(eθ(0)θ(1)−
g′,p¯(γN ′−1(1))eθ(γN′−1(1))θ(0))⊗ t,
f¯0 := (eθ(1)θ(0) + g
′,p¯(1)eθ(0)θ(γN′−1(1)))⊗ t−1, and h¯i := d¯ieθ(i)θ(i)
−d¯i+1eθ(i+1)θ(i+1)+ d¯i+1eγN′−1(θ(i+1))γN′−1(θ(i+1))− d¯ieγN′−1(θ(i))γN′−1(θ(i)) (i ∈ J1,Nˆ−1),
h¯Nˆ := d¯Neθ(N)θ(N) − d¯NeγN′−1(θ(N))γN′−1(θ(N)),
e¯i := d¯i(eθ(i)θ(i+1)−(−1)p¯(θ(i))p¯(θ(i+1))+p¯(θ(i+1))g′,p¯(i)g′,p¯(i+1)eθ(γN′−1(i+1))θ(γN′−1(i))),
f¯i := eθ(i+1)θ(i) − (−1)p¯(θ(i+1))p¯(θ(i))+p¯(θ(i))g′,p¯(i + 1)g′,p¯(i)eθ(γN′−1(i))θ(γN′−1(i+1)) (i ∈
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J1,Nˆ).
Let V be an (N+2)-dimensional R-linear space with a basis {ε¯i|i ∈ J1,N}∪{δˆ, ∂}.
Let ( , ) : V × V → R be the symmetric bilinear map defined by (ε¯i, ε¯j) := δij d¯i,
(ε¯i, δˆ) := 0 (i, j ∈ J1,N), (δˆ, δˆ) := 0, (∂, δˆ) := 1, (∂, ∂) := 0. Define αi ∈ V (i ∈ I)
as follows. Let α0 := δˆ − ε¯1 + ε¯Nˆ (resp. δˆ − 2ε¯1, resp. δˆ − 2ε¯1) if τ = 1 (resp. 2,
resp. 4). Let αi := ε¯i − ε¯i+1 for i ∈ J1,N−1. Let αN := ε¯N (resp. 2ε¯N) if τ = 2
(resp. 4).
Presentation of sl
(τ)
p¯ . The elements t
d
dt
, h¯i, e¯i, f¯i (i ∈ I) generate sl(τ)p¯ as a
Lie superalgebra, where t d
dt
, h¯i ∈ sl(τ)p¯ (0), and e¯i, f¯i ∈ sl(τ)p¯ (δin + δτ1δi0). We have
the following equations.
(2.3)
[t d
dt
, h¯i] = 0, [t
d
dt
, e¯i] = δi0e¯i, [t
d
dt
, f¯i] = −δi0f¯i,
[h¯i, h¯j] = 0, [h¯i, e¯j ] = (αi, αj)e¯j , [h¯i, f¯j] = −(αi, αj)f¯j, [e¯i, f¯j ] = δij h¯i,
[e¯i, e¯j] = [f¯i, f¯j] = 0 if (αi, αj) = 0,
[e¯i, [e¯i, e¯j]] = [f¯i, [f¯i, f¯j ]] = 0 if i 6= j and −2(αi, αj) = (αi, αi) 6= 0,
[e¯i, [e¯i, [e¯i, e¯j ]]] = [f¯i, [f¯i, [f¯i, f¯j]]] = 0 if i 6= j and −(αi, αj) = (αi, αi) 6= 0,
[[e¯i, e¯j], [e¯i, e¯k]] = [[f¯i, f¯j], [f¯i, f¯k]] = 0
if i 6= j 6= k 6= i, (αi, αi) = (αj, αk) = 0 and −(αi, αj) = (αi, αk) 6= 0.
Theorem 2.1. ([5, Theorem 4.1.1], [6]) Assume that (τ,M) 6= (1, 2). Then the
equations of (2.3) are the defining relations of sl
(τ)
p¯ for the generators t
d
dt
, h¯i, e¯i,
f¯i (i ∈ I).
Let n(τ,0), (resp. n(τ,+)), (resp. n(τ,−)) be the sub-Lie superalgebra of sl
(τ)
p¯
generated by the elements t d
dt
, h¯i (resp. e¯i, resp. f¯i) (i ∈ I). Then sl(τ)p¯ =
n
(τ,−) ⊕ n(τ,0) ⊕ n(τ,+) as a K-linear space, and the defining relations of n(τ,0),
n
(τ,+), n(τ,−) for the above generators are those of (2.3) respectively.
Dynkin diagrams of sl
(τ)
p¯ = sl
(τ)(M |M).
(τ = 1, sl
(1)
p¯ = sl
(1)(n|n), n = N
2
, N ≥ 4)
♠
 
0
δˆ − ε¯1 + ε¯N
❅✬
✫♠1
ε¯1 − ε¯2
. . . ♠n− 1
ε¯n−2 − ε¯n−1
♠
 
n
ε¯n−1 − ε¯n
❅ ♠n+ 1
ε¯n − ε¯n+1
. . . ♠N − 1
ε¯N−1 − ε¯N
✩
✪
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(τ = 2, sl
(2)
p¯ = sl
(2)(N |N), n = N
2
, N ≥ 4)
♠0
δˆ − 2ε¯1
 
❅ ♠1
ε¯1 − ε¯2
. . . ♠n− 1
ε¯n−2 − ε¯n−1
♠
 
n
ε¯n−1 − ε¯n
❅ ♠n+ 1
ε¯n − ε¯n+1
. . . ♠N − 1
ε¯N−1 − ε¯N
 
❅
♠N
2ε¯N
(τ = 4, sl
(4)
p¯ = sl
(4)(N + 1|N + 1), n = N
2
, N ≥ 2)
♠0
δˆ − ε¯1
 
❅
♠1
ε¯1 − ε¯2
. . . ♠n− 1
ε¯n−2 − ε¯n−1
♠
 
n
ε¯n−1 − ε¯n
❅ ♠n+ 1
ε¯n − ε¯n+1
. . . ♠N − 1
ε¯N−1 − ε¯N
♠N
ε¯N
 
❅
3 Quantum superalgebras
3.1 Multiparameter quantum affine superalgebras Uχ and
U ♮χ of sl
(τ)(M |M)
Keep the notation of Subsection 2.2. Let K× := K \ {0}. Let Vˆ := (⊕Nˆi=0Zαi)⊕
Z∂(⊂ V ). Let q ∈ K× be such that qm 6= 1 for all m ∈ N. Let χ : Vˆ × Vˆ → K×
be a map such that
(3.1)
χ(a+ b, c) = χ(a, c)χ(b, c), χ(a, b+ c) = χ(a, b)χ(a, c) (a, b, c ∈ Vˆ ),
χ(αi, αi) := q
(αi,αi) (i ∈ I, (αi, αi) 6= 0),
χ(αi, αi) := −1 (i ∈ I, (αi, αi) = 0),
χ(αi, αj)χ(αj, αi) := q
2(αi,αj) (i, j ∈ I, i 6= j),
χ(∂, ∂) := 1, χ(∂, αi) := χ(αi, ∂) := q
δi0 .
Define the map χop : Vˆ × Vˆ → K× by χop(a, b) := χ(b, a) (a, b ∈ Vˆ ). Denote
χˆ : Vˆ ×Vˆ → K× be the map with the same equations as in (3.1) and the equations
χˆ(αi, αj) = q
(αi,αj) (i, j ∈ I, i 6= j).
Let U˜χ be the associative K-algebra (with 1) defined by the generators K˜a,
L˜a (a ∈ Vˆ ), E˜i, F˜i (i ∈ I), and the relations:
(3.2)
K˜0 = L˜0 = 1, K˜aK˜b = K˜a+b, L˜aL˜b = L˜a+b, K˜aL˜b = L˜bK˜a,
K˜aE˜iK˜
−1
a = χ(a, αi)E˜i, K˜aF˜iK˜
−1
a = χ(a,−αi)F˜i,
L˜aE˜iL˜
−1
a = χ(−αi, a)E˜i, L˜aF˜iL˜−1a = χ(αi, a)F˜i,
E˜iF˜j − F˜jE˜i = δij(−K˜αi + L˜αi)
(a, b ∈ Vˆ , i, j ∈ I).
Define the K-algebra isomorphism Υ˜χop : U˜χop → U˜χ by Υ˜χop(K˜a) := L˜a,
Υ˜χop(L˜a) := K˜a, Υ˜χop(E˜i) := F˜i, Υ˜χop(F˜i) := E˜i (a ∈ Vˆ , i ∈ I).
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We see that U˜χ is the Hopf algebra (U˜χ,∆, S, ǫ) with ∆(K˜a) = K˜a ⊗ K˜a,
∆(L˜a) = L˜a⊗ L˜a, ∆(E˜i) = E˜i⊗1+ K˜αi⊗ E˜i, ∆(F˜i) = F˜i⊗ L˜αi +1⊗ F˜i, S(K˜a) =
K˜−1a , S(L˜a) = L˜
−1
a , S(E˜i) = −K˜−1αi E˜i, S(F˜i) = −F˜iL˜−1αi , ǫ(K˜a) = ǫ(L˜a) = 1,
ǫ(E˜i) = ǫ(F˜i) = 0 (a, b ∈ Vˆ , i, j ∈ I).
Let U˜0χ (resp. U˜
+
χ , resp. U˜
−
χ ) be the K-subalgebra of U˜χ generated by the
elements K˜a, L˜a (a ∈ Vˆ ) (resp. 1, E˜i (i ∈ I), resp. 1, F˜i (i ∈ I)). Then the
elements K˜aL˜b (a, b ∈ Vˆ ) form a K-basis of U˜0χ, and U˜+χ (resp. U˜−χ ) is the
free K-algebra in E˜i’s (resp. F˜i’s). Moreover we have the K-linear isomorphism
ϑ˜χ : U˜
−
χ ⊗ U˜0χ⊗ U˜+χ → U˜χ defined by ϑ˜χ(x⊗y⊗z) := xyz. Let Vˆ ′ := ⊕i∈IZαi and
Vˆ ′,+ := ⊕i∈IZ≥0αi. Define the K-subspaces (U˜χ)λ (λ ∈ Vˆ ′) by U˜χ = ⊕λ∈Vˆ ′(U˜χ)λ,
U˜0χ ⊂ (U˜χ)0, E˜i ∈ (U˜χ)αi and F˜i ∈ (U˜χ)−αi . Let (U˜+χ )λ := U˜+χ ∩ (U˜χ)λ and
(U˜−χ )λ := U˜
−
χ ∩ (U˜χ)λ (λ ∈ Vˆ ′). Then U˜+χ = ⊕λ∈Vˆ ′,+(U˜+χ )λ, U˜−χ = ⊕λ∈Vˆ ′,+(U˜−χ )−λ
and (U˜+χ )0 = (U˜
−
χ )0 = K · 1. For each λ ∈ Vˆ ′, define the K-subspace (I˜+χ )λ of
(U˜+χ )λ as follows. Let (I˜
+
χ )λ := {0} if λ = 0 or λ /∈ Vˆ ′,+. If λ ∈ Vˆ ′,+ \ {0}, let
(I˜+χ )λ be formed by all the elements X ∈ (U˜+χ )λ such that
(3.3) ∀i ∈ I, XF˜i − F˜iX ∈ (I˜+χ )λ−αiK˜αi + (I˜+χ )λ−αiL˜αi .
Let I˜+χ := ⊕λ∈Vˆ ′,+(I˜+χ )λ, and I˜−χ := Υ˜χop(I˜+χop). Then I˜+χ (resp. I˜−χ ) is an ideal
of U˜+χ (resp. U˜
−
χ ). Let J˜χ := SpanK(U˜
−
χ U˜
0
χI˜
+
χ ) + SpanK(I˜
−
χ U˜
0
χU˜
+
χ ). Then J˜χ is a
Hopf-ideal of U˜χ (see [1, § 4.1] for example). Let Uχ denote the Hopf K-algebra
defined by Uχ := U˜χ/J˜χ.
Let π˜χ : U˜χ → Uχ be the canonical map. Let Ka := π˜χ(K˜a), La := π˜χ(L˜a)
(a ∈ Vˆ ′), and Ei := π˜χ(E˜i), Fi := π˜χ(F˜i) (i ∈ I). Let U0χ := π˜χ(U˜0χ), U+χ :=
π˜χ(U˜
+
χ ) and U
−
χ := π˜χ(U˜
−
χ ).
Remark 3.1. Let X = (X,∆X , SX , ǫX) be a K-Hopf algebra. Assume that X =
X(0) ⊕ X(1) as a K-linear space. For t ∈ Z \ J0,1 with t = 2t1 + t2 for some
t1 ∈ Z and t2 ∈ J0,1, let X(t) := X(t2). Assume that X(s)X(t) ⊂ X(s + t) (s,
t ∈ Z) and ∆X(X(t)) ⊂ X(0)⊗X(t) +X(1)⊗X(t− 1) (t ∈ Z). Then we define
a K-Hopf algebra Xσ = (Xσ,∆Xσ , SXσ , ǫXσ) with the following conditions (1)
and (2). (1) Xσ contains X as a K-Hopf subalgebra. (2) There exists σ ∈ Xσ so
that σ2 = 1, ∆Xσ(σ) = σ ⊗ σ, SXσ(σ) = σ, ǫXσ(σ) = 1, σxσ = (−1)tx (t ∈ J0,1,
x ∈ X(t)) and Xσ = X ⊗ σX as a K-linear space. Define the map ℘ : I → J0,1
by ℘(i) := 1− δ1,(αi,αi). Define the group homomorphism ℘ˆ : Vˆ ′ → {−1, 1}(⊂ Z)
by ℘ˆ(αi) := (−1)℘ˆ(i) (i ∈ I). Let Uσχ be the one defined for the direct sum
Uχ = Uχ(0)⊕ Uχ(1) with Uχ(t) := ⊕λ∈℘ˆ−1({(−1)t})(Uχ)λ (t ∈ J0,1). Let Uσ,′χ be the
K-subalgebra of Uσχ generated by K
±1
αi
, L±1αi σ
℘(i), Ei, Fiσ
℘(i) (i ∈ I) and K±1∂ , L±1∂ .
Assume that χ(αi, αj) = q
(αi,αj) (i, j ∈ I). Let Y be the ideal (as a K-algebra)
of Uσ,′χ generated by KαiLαiσ
℘(i) − 1 (i ∈ I) and K∂L∂ − 1. Let U ♯χ := Uσ,′χ /Y
as the quotient K-algebra. Recall the notation Z
(τ)
k from Introduction. From
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Subsection 2.1, we see
A(τ)(M − 1,M − 1) = sl(τ)(M |M))/(⊕∞k=−∞CZ(τ)k ) (τ ∈ {1, 2, 4}).
If τ ∈ {2, 4}, Uq(A(τ)(M − 1,M − 1)) is isomorphic to U ♯χ as a K-algebra. Let
γ :=
∑n
t=1 t(αt + αN−t) ∈ Vˆ ′. Then Zγ = {λ ∈ Vˆ ′|∀µ ∈ Vˆ ′, (λ, µ) = 0}. If
τ = 1, U ♯χ/(Kγ − 1)U ♯χ (resp. U ♯χ) is isomorphic to Uq(A(1)(M − 1,M − 1)) (resp.
Uq(sl
(1)(M |M))/(⊕k 6=0CZ(1)k )). See also [4, §8], [6], [3], [1, Remark 7.11].
Theorem 3.2. ([3], see also [4, Theorem 8.4.3], [6]) Assume that q to be tran-
scendental over Q. Assume that χ(αi, αj) = q
(αi,αj) for all i, j ∈ I with i 6= j.
Then for each λ ∈ Vˆ ′,+, dim(U+χ )λ equals the dimension of the weight space
U(π˘(1)(n(τ,+)))λ of λ of the universal enveloping superalgebra U(π˘(1)(n(τ,+))) of
π˘(1)(n(τ,+))(⊂ A(τ)p¯ = A(τ)(M − 1,M − 1)).
For λ, µ ∈ Vˆ ′ and X˜ ∈ (U˜χ)λ, Y˜ ∈ (U˜χ)µ, let [[X˜, Y˜ ]] := X˜Y˜ − 1χ(µ,λ) Y˜ X˜(∈
(U˜χ)λ+µ). Let I˜
♮,+
χ be the ideal of the K-algebra U˜
+
χ generated by the following
elements:
[[E˜i, E˜j ]] ((αi, αj) = 0), [[E˜i, [[E˜i, E˜j]]]] (i 6= j, −2(αi, αj) = (αi, αi) 6= 0),
[[E˜i, [[E˜i, [[E˜i, E˜j ]]]]]] (i 6= j, −(αi, αj) = (αi, αi) 6= 0),
[[[[E˜i, E˜j]], [[E˜i, E˜k]]]]
(i 6= j 6= k 6= i, (αi, αi) = (αj , αk) = 0, −(αi, αj) = (αi, αk) 6= 0).
Then we can see I˜♮,+χ ⊂ I˜+χ . Let I˜♮,−χ := Υ˜χop(I˜♮,+χop). Then I˜♮,−χ ⊂ I˜−χ . Let
J˜ ♮χ := SpanK(U˜
−
χ U˜
0
χI˜
♮,+
χ ) + SpanK(I˜
♮,−
χ U˜
0
χU˜
+
χ ). Then J˜
♮
χ is a Hopf-ideal of U˜χ (see
[1, § 4.1] for example). Let U ♮χ denote the Hopf K-algebra defined by U ♮χ := U˜χ/J˜ ♮χ.
Let ♮π˜χ : U˜χ → U ♮χ be the canonical map. Let K♮a := ♮π˜χ(K˜a), L♮a := ♮π˜χ(L˜a)
(a ∈ Vˆ ′), and E♮i := ♮π˜χ(E˜i), F ♮i := ♮π˜χ(F˜i) (i ∈ I). Then we have the Hopf K-
algebra epimorphism π♮ : U ♮χ → Uχ such that π♮(K♮a) = Ka, π♮(L♮a) = La (a ∈ Vˆ ′),
and π♮(E♮i ) = Ei, π
♮(F ♮i ) = Fi (i ∈ I). Let U0,♮χ := ♮π˜χ(U˜0χ), U+,♮χ := ♮π˜χ(U˜+χ ) and
U−,♮χ :=
♮π˜χ(U˜
−
χ ). Then we have the K-linear isomorphism U
−,♮
χ ⊗U0,♮χ ⊗U+,♮χ → U ♮χ
(y ⊗ z ⊗ x 7→ xzy).
3.2 Vector representation of U ♮χ
Keep the notation of Subsection 2.2. We denote by MN ′(K) the K-algebra such
that it is glp¯ as a K-linear space and its multiplication is defined by eijekl = δjleij
(i, j, k, l ∈ J1,N ′). Let {ei|i ∈ J1,N ′} be the natural K-basis of KN ′ . We
regard MN ′(K) ⊗K K[t, t−1] as the K-subalgebra of EndK(KN ′ ⊗K K[t, t−1]) by
(eij ⊗ tl)(ek ⊗ tm) = δjkei ⊗ tl+m (i, j, k ∈ J1,N ′, l, m ∈ Z).
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Theorem 3.3. Let zi, ui ∈ K× (i ∈ I).
(3.4)
Assume that χ(αi, δˆ) = 1 (resp. χ(αi, 2δˆ) = 1) for all i ∈ I
if τ ∈ {1, 2} (resp. τ = 4).
Then there exists a K-algebra homomorphism Ψ : U ♮χ → EndK(KN ′ ⊗K K[t, t−1])
as follows. Let xij := χ(αi, αj) (i, j ∈ I).
Ψ(K∂)(ek ⊗ tm) = qmek ⊗ tm, Ψ(L∂)(ek ⊗ tm) = q−mek ⊗ tm (k ∈ J1,N ′, m ∈ Z).
For τ = 1, Ψ(K♮αi) = zi
∑N
t=1(
∏t−1
s=0 x
−1
is )ett (i ∈ I),
Ψ(L♮αi) = ziq
−2(ε¯N ,αi)
∑N
t=1(
∏t−1
s=0 xsi)ett (i ∈ I), Ψ(E♮0) = z0u0d¯1qd¯1(q−q−1)eN1⊗t,
Ψ(E♮i ) = −ziuid¯iq−d¯i(
∏i−1
s=0 x
−1
is )(q−q−1)eii+1 (i ∈ I\{0}), Ψ(F ♮0) = u−10 e1N ⊗ t−1,
Ψ(F ♮i ) = u
−1
i ei+1i (i ∈ I \ {0}).
For τ = 2,
Ψ(K♮αi) = zi((
∑N
t=1(
∏t−1
s=0 x
−1
is )ett)+(
∑N
t=1(
∏t−1
s=0 xis)eγN′ (t)γN′ (t))) (i ∈ I), Ψ(L♮αi) =
ziq
2(ε¯1,αi)((
∑N
t=1(
∏t−1
s=0 xsi)ett) + (
∑N
t=1(
∏t−1
s=0 x
−1
si )eγN′ (t)γN′ (t))) (i ∈ I), Ψ(E♮0) =
−z0u0d¯1q−2d¯1(q2 − q−2)eγN′ (1)1 ⊗ t, Ψ(E♮i ) =
−ziuid¯iq−d¯i(
∏i−1
s=0 x
−1
is )(q − q−1)(eii+1 − q4d¯1+2d¯i(
∏i−1
s=1 x
2
is)eγN′ (i+1)γN′ (i)) (i ∈ I \
{0, N}), Ψ(E♮N ) = −zNuN d¯N(
∏N−1
s=1 x
−1
Ns)q
−2d¯N (q2 − q−2)eNγN′ (N),
Ψ(F ♮0) = u
−1
0 e1γN′ (1) ⊗ t−1, Ψ(F ♮i ) = u−1i (ei+1i − eγN′ (i)γN′ (i+1)) (i ∈ I \ {0, N}),
Ψ(F ♮N) = u
−1
N eγN′ (N)N .
For τ = 4,
Ψ(K♮αi) = zi((
∑N+1
t=0 (
∏t−1
s=0 x
−1
is )eθ(t)θ(t))
+(
∑N
t=1(
∏t−1
s=0 xis)eθ(γN′−1(t))θ(γN′−1(t)))) (i ∈ I),
Ψ(L♮αi) = zi((
∑N+1
t=0 (
∏t−1
s=0 xsi)eθ(t)θ(t))
+(
∑N
t=1(
∏t−1
s=0 x
−1
si )eθ(γN′−1(t))θ(γN′−1(t)))) (i ∈ I),
Ψ(E♮0) = −z0u0d¯1(q − q−1)(eθ(0)θ(1) − eθ(γN′−1(1))θ(0))⊗ t,
Ψ(E♮i ) = −ziuid¯iq−d¯i(
∏i−1
s=0 x
−1
is )(q − q−1)(eθ(i)θ(i+1)
−q2d¯i(∏i−1s=0 x2is)eγN′−1(θ(i+1))γN′−1(θ(i))) (i ∈ I \ {0}),
Ψ(F ♮0) = u
−1
0 (eθ(1)θ(0) − eθ(0)θ(γN′−1(1)))⊗ t−1,
Ψ(F ♮i ) = u
−1
i (eθ(i+1)θ(i) − eγN′−1(θ(i))γN′−1(θ(i+1))) (i ∈ I \ {0}).
Proof. This can be proved directly. ✷
3.3 Main result—Lowest positive central element of U ♮χ
Recall n := N
2
. Let s := 1 (resp. s := 2) if τ ∈ {1, 2} (resp. τ := 4). Let
B♮n−1 := E♮n ∈ (U+,♮χ )ε¯n−ε¯n+1 . For i ∈ J0,n−2, let B♮i := [[E♮N−i−1, [[B♮i+1, E♮i+1]]]] ∈
(U+,♮χ )ε¯i+1−ε¯N−i. Let B♮−1 := [[E♮N , [[B♮0, E♮0]]]] if τ ∈ {2, 4}. DefineA♮0 ∈ (U+,♮χ )sδˆ−ε¯1+ε¯N
to be E♮0 (resp. B♮−1, resp. [[E♮N , [[B♮−1, E♮0]]]]) if τ = 1 (resp. τ = 2, resp.
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τ = 4). For i ∈ J1,n−1, let A♮i := [[E♮N−i, [[A♮i−1, E♮i ]]]] ∈ (U+,♮χ )sδˆ−ε¯i+1+ε¯N−i . Let
a0 := 1 ∈ K×. For i ∈ J1,n−2, let
ai := ai−1 · χ(sδˆ, αN−i)χ(−αi,
∑N−i−1
t=i+1 αt)χ(
∑N−i−1
t=i αt,−αN−i).
Let a−1 := χ(αN , α0)χ(α0, δˆ)χ(αN , δˆ) if τ = 4. Then Z♮ ∈ (U+,♮χ )sδˆ by
(3.5) Z♮ :=
{ ∑n−1
i=0 ai[[A♮i,B♮i ]] if τ ∈ {1, 2},
a−1(B♮−1)2 +
∑n−1
i=0 ai[[A♮i,B♮i ]] if τ = 4.
Then we have our main theorem:
Theorem 3.4. (1) It follows that
(3.6) ∀i ∈ I, Z♮F ♮i − F ♮iZ♮ = [[Z♮, E♮i ]] = 0.
(2) Under the assumption (3.4), Ψ(Z♮) = b(I ⊗ ts) for some b ∈ K×, where I
denotes the unit matrix
∑N ′
i=1 eii as above.
Proof. The claims can be obtained directly by using calculation formulas
similar to those given in [4] and [5].
Calculations needed for the proof of Theorem 3.4 are almost the same as
those of [4, §6]. Here we explain it by using an example. Assume τ = 2. From
Subsection 2.2, we have assumed n ≥ 2 and we have defined N = 2n. As similar
equations to [4, (4.4.1), (4.4.2)], for λt ∈ Vˆ and Xt ∈ (U ♮χ)λt , (t ∈ J1,3), we have
(3.7)-(3.9) below.
(3.7)
[[[[X1, X2]], X3]]− [[X1, [[X2, X3]]]]
= − 1
χ(λ2,λ1)
X2[[X1, X3]] +
1
χ(λ3,λ2)
[[X1, X3]]X2.
(3.8) [[X2, X1]] = −χ(λ2, λ1)[[X1, X2]] if χ(λ2, λ1)χ(λ1, λ2) = 1.
(3.9) S([[X1, X2]]) = χ(λ1, λ2)K
♮
−λ1−λ2
[[X ′2, X
′
1]] where X
′
t := K
♮
λt
Xt.
For i, j ∈ J1,N with i < j, define the two elements E♮ε¯i−ε¯j , E♮ε¯i+ε¯j of U+,♮χ
by E♮ε¯i−ε¯i+1 := E
♮
i (if i ∈ J1,N−1), E♮ε¯i−ε¯j := [[E♮ε¯i−ε¯j−1 , E♮j−1]] (if i ∈ J1,N−1 and
j ∈ Ji+2,N), E♮ε¯i+ε¯N := [[E♮ε¯i−ε¯N , E♮N ]] (if i ∈ J1,N−1), and E♮ε¯i+ε¯j := [[E♮ε¯i+ε¯j+1, E♮j ]]
(if i ∈ J1,N−2 and j ∈ Ji+1,N−1).
Using (3.7), (3.8) and equations similar to those of [4, Lemma 6.1.1], we can
see
(3.10)
[[E♮i , E
♮
ε¯i±ε¯j ]] = 0 (j ≥ i+ 2), [[E♮ε¯i−ε¯j , E♮j−1]] = 0 (j ≥ i+ 2),
[[E♮ε¯i+ε¯j , E
♮
j ]] = 0, [[E
♮
ε¯i±ε¯j , E
♮
k]] = 0 (k /∈ {i− 1, i, j − 1, j}).
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By (3.7)-(3.10), we have
(3.11)
[[B♮i , E♮j ]] = 0 (j /∈ {i, N − i− 1, N − i}), [[E♮N−i−1,B♮i ]] = 0,
[[A♮i, E♮j ]] = 0 (j /∈ {i+ 1, N − i− 1, N − i}), [[E♮N−i,A♮i]] = 0
for i ∈ J0,n−1. Using these equations, we have [[Z♮, E♮i ]] = 0 for (3.6).
By an argument similar to that for (3.11) and an argument similar to that
of [5, §6.9-6.11], we see that for ‘most’ k and i, lettimg Y be A♮i or B♮i , we
have [[Y, F ♮kK
♮
−αk
]] = 0, which implies Y F ♮k − F ♮kY = 0. Using this fact, we have
Z♮F ♮i − F ♮iZ♮ = 0 for (3.6). ✷
Theorem 3.5. Assume that (τ,M) 6= (1, 2) (see Subsection 2.2 for notation).
Assume q to be transcendental over Q. Assume that for i, j ∈ I with i < j, there
exists nij ∈ Z with χ(αi, αj) = qnij . Assume that the condition (3.4) is fulfilled.
(1) For each λ ∈ Vˆ ′,+, dim(U+,♮χ )λ equals the dimension of the weight space
U(n(τ,+))λ of λ of the universal enveloping superalgebra U(n(τ,+)) of n(τ,+)(⊂ sl(τ)p¯ =
sl(τ)(M |M)). (Here we let (U+,♮χ )λ := ♮π˜χ((U˜+χ )λ).)
(2) The ideal (as a K-algebra) of Uχ generated by Z♮ is a Hopf ideal. (We have
‘new’ Hopf algebras U ♮χ/Z♮U ♮χ and U ♮χ/(Z♮U ♮χ + (Z♮)′U ♮χ), where (Z♮)′ is the ele-
ment of U−,♮χ defined in the same way as that for Z♮.)
Proof. (1) We obtain the natural representation of sl
(τ)
p¯ from Ψ by taking
specialization q → 1 and taking conjugation with a diagonal matrix with diagonal
components are 1 or −1. Incidentally the coproduct (as a Hopf superalgebra) of
the universal enveloping superalgebra of Lie superalgebra sl
(τ)
p¯ is obtained from
the coproduct of U ♮χ. Then we can prove the claim by a standard argument.
(2) By the same argument as that for [5, Lemma 6.6.1], we see that dim(U+χ )µ =
dim(U+,♮χ )µ for µ ∈ Vˆ ′,+ with sδˆ − µ ∈ Vˆ ′,+ \ {0}. Then the claim easily follows
from this fact. ✷
Remark 3.6. Recall Remark 3.1. As in Remark 3.1, assume that χ(αi, αj) =
q(αi,αj) (i, j ∈ I). We define U ♮,♯χ (resp. U ♮,♯,′χ , resp. U ♮,♯,′′χ ) from U ♮χ (resp.
U ♮χ/Z♮U ♮χ, resp. U ♮χ/(Z♮U ♮χ + (Z♮)′U ♮χ)) in the same way as that for U ♯χ de-
fined from Uχ. Assume that (τ,M) 6= (1, 2) (see Subsection 2.2 for notation).
Then U ♮,♯χ (resp. U
♮,♯,′
χ , resp. U
♮,♯,′′
χ ) is isomorphic to Uq(sl
(τ)(M |M)) (resp.
Uq(sl
(τ)(M |M)/Z(τ)1 ), resp. Uq(sl(τ)(M |M)/(Z(τ)−δ1τ + Z
(τ)
1 ))) as a K-algebra. If
(τ,M) 6= (1, 2), we have a natural epimorphism from U ♮,♯χ to Uq(sl(τ)(M |M)), but
its kernel must be very big (see also Remark 3.7).
Remark 3.7. Let a := sl(τ)(M |M) with (τ,M) ∈ {(1, 1), (1, 2), (2, 2)}. Let b be
the sub-Lie superalgebra of a generated by its Chevalley generators h¯i, e¯i, f¯i
(i ∈ I). Assume (τ,M) ∈ {(1, 1), (2, 2)}. Then dim b < ∞, i.e., b is a proper
sub-Lie superalgebra a. Thus we can not define Uq(a) in the Drinfeld-Jimbo’s
way. We can define it in a way of RLL = LLR. Assume (τ,M) = (1, 2). Then
12
b = a and, however, we need infinitely many defining relations to define a by the
Chevalley generators, see [2], [6].
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